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ABSTRACT 

We study the BRST symmetries in the SU(3) linear sigma 
model which is constructed through introduction of a novel ma- 
trix for the Goldstone boson fields satisfying geometrical con- 
straints embedded in SU(2) subgroup. To treat these constraints 
we exploit the improved Dirac quantization scheme. We also dis- 
cuss phenomenological aspacts in the mean field approach to this 
model. 
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1 Introduction 



Nowadays there have been considerable discussions concerning the strangeness 
in hadron physics. Recently, the SAMPLE experiment JTJ reported the 
proton's neutral weak magnetic form factor, which has been suggested by 
the neutral weak magnetic moment measurement through parity violating 
electron scattering 0. In fact, the SAMPLE Collaboration obtained the 
positive experimental data for the proton strange magnetic form factor Jl 
G S M (Q 2 = 0.1(GeV/c) 2 ) = +0.14 ±0.29 (stat) ±0.31 (sys). This positive ex- 
perimental value is contrary to the negative values of the proton strange form 
factor which result from most of the model calculations except the predic- 
tions || based on the SU(3) chiral bag model || and the recent predictions of 
the chiral quark soliton model |J and the heavy baryon chiral perturbation 
theory ||. (See Ref. for more details.) 

It is also well known in the strangeness hadron physics that kaon conden- 
sation P, [|, [lljin nuclear matter of densities may have an impact on the 
formation of low mass black holes instead of neutron stars for masses on the 
order of 1.5 solar masses [TJ[]. Beginning with the proposal of kaon condensa- 
tion in 1986 ||, the theory of kaon condensation in dense matter has become 
one of the central issues in nuclear physics and astrophysics together with 
the supernova collapse. The K~ condensation at a few times nuclear matter 
density was later interpreted |J in terms of cleaning of qq condensates from 
the quantum chromodynamics vacuum by a dense nuclear matter and also in 
terms of phenological off-shell meson-nucleon interactions |13| . Recently, the 
kaon condensation was revisited in the context of the color superconductivity 



in color-flavor phase [11 



On the other hand, the Dirac method [iLl is a well known formalism 



to quantize physical systems with constraints. In this method, the Poisson 
brackets in a second-class constraint system are converted into Dirac brack- 
ets to attain self-consistency. The Dirac quantization scheme has been also 
applied to the nuclear phenomenology [|Tj| |TjJ. The Dirac brackets, how- 
ever, are generically field-dependent, nonlocal and contain problems related 
to ordering of field operators. These features are unfavorable for finding 
canonically conjugate pairs. However, if a first-class constraint system can 
be constructed, one can avoid introducing the Dirac brackets and can instead 
use Poisson brackets to arrive at the corresponding quantum commutators. 
To overcome the above problems, Batalin, Fradkin, and Tyutin |17| developed 



1 



a method which converts the second-class constraints into first-class ones by 
introducing auxiliary fields. Recently, this improved Dirac formalism has 
been applied to several models of current interest. (See Ref. [0] for more de- 
tails.) In particular, the relation between the standard Dirac and improved 
Dirac schemes was clarified in the SU(2) Skyrmion model by introducing 
additional correction terms ||18||. Recently, the improved Dirac Hamiltonian 



method was also applied to the SU(2) and SU(3) Skyrmion models 



to construct a first-class Hamiltonian and the BRST symmetries, and to the 
superqualiton model [^TJ to investigate the color superconductivity in color- 
flavor phase. Moreover, the BRST symmetry [E^] has been studied [[IS 



in 



the SU(2) Skyrmion in the framework of the BFV formalism [23j which is 
applicable to theories with the first class constraints by introducing canoni- 
cal sets of ghosts and anti-ghosts together with auxiliary fields. The BRST 
symmetry can be also constructed by using the residual gauge symmetry 
interpretation of the BRST invariance pi ]. 

The motivation of this paper is to systematically apply the improved 
Dirac scheme [|I7|, |7| to the SU(3) linear sigma model to construct the BRST 
symmetries in this phenomenological model. In section 2 we construct the 
SU(3) linear sigma model by introducing a novel matrix for the Goldstone 
bosons which satisfy geometrical second-class constraints. To treat these 
constraints we exploit the improved Dirac scheme to convert the second-class 
constraints into first-class ones. In section 3 we construct first-class physical 
fields and directly derive the compact expression of a first-class Hamiltonian 
in terms of these fields. We construct in section 4 the BRST invariant effective 
Lagrangian and its corresponding BRST transformation rules in the SU(3) 
linear sigma model. In section 5 we discuss the phenomenology of the pion 
and kaon condensates. 



2 Model and constraints 

In this section we apply the improved Dirac scheme fT7| , [7]] to the SU(3) linear 
sigma model, which is a second-class constraint system. We start with the 
SU(3) linear sigma model Lagrangian of the form 



d 3 x 



-trf^MS'W 1 ) - -/^tr(MM t ) - ^A [tr(MM t )] i 
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(2.1) 



where we have introduced a novel matrix for the Goldstone bosons satisfying 
geometrical second-class constraints [] 



M = -j=(a\ + i7r a \ a ), a = l 



(2.2) 



/ (/: identity) and the Gell-Mann matrices normalized to sat- 



with A = 

isfy \ a \ b = lS ab + (if abc + d abc )X c . Here we have meson fields ir a = (71*, ir M , 7r 8 ) 
with 7Tj, re m and tt 8 being the pion, kaon and eta fields, respectively, and the 
chiral fields ipL and ipR defined as 

1±75 



1> 



R,L 



(2.3) 



Note that we have used the SU(3) linear sigma model with U(3)xU(3) group 
structure so that we could incorporate the a field consistently, as in the chiral 
bag model |2(| . 

The Lagrangian (|2.1|) can then be rewritten in terms of the meson fields 
Tc a as follows 



1 



1 



4 



-r 1 



+^1^8^ - g i/j-j=(cr + ij 5 7r a X a )ip 



(2.4) 



where we have assumed the SU(3) flavor symmetry for simplicity. Here the 
sigma and pion fields (cr, 7Tj) are constrained to satisfy the geometric con- 
straints on the SU(2) subgroup manifold 

tt 1 =(T 2 + 7Tj7Tj - f 2 



0. 



(2.5) 



By performing the Legendre transformation, one can obtain the canonical 
Hamiltonian, 



He = /d 3 *[i(7T 2 +<<)+i((^ 



+^A ((x 2 + 7i a 7i a ) 2 + ipiYdiip + g Q ip-y=(a + i^aK)^ 



(2.6) 



1 In the previous works pq |, they have used a different ansatz for M such as M = 
J^ =0 (er^ + iiri)\i/\/2 with nonets of scalar a[ and pseudoscalar fields iTi which transform 
according to the 3 (g> 3 + 3 ® 3 representation of SU(3)xSU(3). 
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where 7r CT and are the canonical momenta conjugate to the fields a and 
n a , respectively, given by 

n a = &, < = 7r a (2.7) 

and we have used ip for the canonical momenta conjugate to the fields 
instead of tt^ = iip^ for simplicity. 

Now we want to construct Noether currents under the SU(3)£xSU(3)# 
local group transformation. Under infinitesimal isospin transformation in the 
SU(3) flavor channel [0] 

i)-*i>' = (l-ie a Q a )4>, 
M^M' = (1 — ie a Q a )M(l + ie a Q a ), (2.8) 

where e a {x) the local angle parameters of the group transformation and 
Q a = A a /2 are the SU(3) flavor charge operators given by the generators 
of the symmetry, the Noether theorem yields the conserved flavor octet vec- 
tor currents (FOVC) for the Lagrangian (|2.4j ) 

J(J° = ^QaiJ + *-tr ([M, QJ^Mt + d»M[M\ Q a ]) . (2.9) 

In addition one can see that the electromagnetic (EM) currents J em can be 
easily constructed by replacing the SU(3) flavor charge operators Q a with 
the EM charge operator Q EM = Q3 + -^Qs in the FOVC ( ^9|) . Moreover 
one can obtain the charge density p as follows 

P = ^QemiP + {fsab + i/aoft)^. (2.10) 

Now we introduce the chemical potentials p = px) corresponding 
to the charge densities p = {p-kiPk) m the pion and kaon flavor channels to 
yield the Hamiltonian in the kaon condensed matter 

H = H c + p^Pk + pkPk (2.11) 

where the charge densities are now explicitly given as 

Pk = V^ + ^-ttbtt*, (2.12) 
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with Q q being the q-flavor EM charge operators. Here we have ignored the 
beta equilibrium for simplicity. Note that by defining the flavor projection 
operators 

P u , d = 3 ± g *3 + ^A 8 , P. = --—^ (2.13) 

satisfying P 2 = P q and J2 q Pq — 1) one can easily construct the q-flavor EM 
charge operators Q q = QemPq = Q q P q - 

On the other hand, the time evolution of the constraint Q\ yields an 
additional secondary constraint 

Q 2 = cm a + 7T f < « 0, (2.14) 

and Qi and ^2 form a second-class constraint algebra 

A w (x,y) = {n k {x), {l k ,(y)} = 2e kk ' (a 2 + mm^x - y) (2.15) 

with e 12 = -e 21 = 1. 

Using the Dirac brackets |L4| defined as 

{A(x),B(y)} D = {A(x),B(y)} - J d 3 zd 3 z'{A(x),n k (z)}A kk '{n k ,(z'),B( y )} 

(2.16) 

with A kk being the inverse of A kk i in Eq. ( 2.15Q , we obtain the following 
commutators 

{a(x),a(y)} D = {n a (x), ir a (y)} D = 0, 
{a(x),7r a (y)} D = 1 r-^ )S(x-y), 

\ a 2 + TTfcTTfe / 

{7T a (x),7T fe (?/)} D = 0, 

{ix a (x),-nl(y)} D = [5 ab ^f 1 — S ai S bj J 8{x - y), 

{<{%), *1{v)}d = -j— UjK - TTiK) S ai 8 bj 8{x - y), 

{<i[)(x),i/;(y)} D = {7rJ(x),7rJ(y)}23 = 0, 

Mx),*l(y)} D = 8{x-y). (2.17) 

Following the improved Dirac formalism |TT| , 0] which systematically con- 
verts the second-class constraints into first-class ones, we introduce two aux- 
iliary fields (9, 7Tg) with the Poisson brackets 

{9{x),7r e (y)} = eVd{x-y). (2.18) 
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The first class constraints Qi are then constructed as 

fti = fii + 20, Cl 2 = n 2 - (a 2 + ir k n k )Tr e , (2.19) 
which satisfy the closed algebra {f2j(x), Ctj(y)} = 0. 

3 First-class Hamiltonian 

Now, following the improved Dirac formalism [H], [7], we construct the first- 
class physical fields T = ( a, if a , ip, ir a , 7f", 7f^) corresponding to the original 
fields T = (a, 7r a , ■0, ir a , 7r™, 7r^). The jF's, which reside in the extended phase 
space, are obtained as a power series in the auxiliary fields (9, no) by de- 
manding that they are strongly involutive: = 0. After some lengthy 
algebra, we obtain the first class physical fields as 



a = a 



7Ti = 7T,; 



' a 2 + n k n k + 29 \ 1/2 

k a 2 + 7T k 7T k J 

( a 2 + ix k ix k + 29\ 1/2 



a 2 + ir k ir k 

TTct = (tT<7 — (T710 



2 , \ !/ 2 

C + 7T fc 7T fc \ 



a 2 + 7i k 7r k + 29, 



K = (K - wo 



2 , \ V 2 



a 2 + n k TT k + 29 J 

7T a = Tla, K = K, i> = V>> ^ = (3- 1 ) 

with the new notation a = 4, 5, 6, 7, 8. 

Since any functional of the first class fields T is also first class, we can 
construct a first-class Hamiltonian in terms of the above first-class physical 
variables as follows 

\ (?l + «) + \m~°Y + (dda) 2 ) + \^ 2 + n a n a ) 



1 



+ ^A (5- 2 + 7f a 7f a ) 2 + I^ttPtt + HkPk + tpiydit/j 



(3.2) 
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We then directly rewrite this Hamiltonian in terms of the original as well 
as auxiliary fields^ to obtain 



, l/fa \2 , /a \2 , 2/ 2 , O" 2 + 7T fc 7T fc + 26 1 1 2 

1 (7 Z + 7r fc 7T fc 2 

, 1 2 . 1 W 2 . V2 (° 2 + Kk^k + 29\ 2 1 2 

+ oA*o 7r a7Ta + tA (o" + 7^71";) — + -A (7r a 7r a ) 

2 4 y o l + 7r fe 7r fe / 4 

+ ^A 7r a 7r s (a- 2 + TTiTTi + 20) + fi n p n + /i^p^ + $17*6$ 

x 7 1 r w ^ 2 + to + 2^ 1/2 - 1 . " 

V2 V °" + 7r fe 7r fc / v 2 

(3.3) 

where we observe that the forms of the first two terms in this Hamiltonian 



are exactly the same as those of the 0(3) nonlinear sigma model [57 



Now we notice that, even though H is strongly involutive with the first 
class constraints {fli,H} = 0, it does not naturally generate the first-class 
Gauss law constraint from the time evolution of the constraint Cli. By intro- 
ducing an additional term proportional to the first class constraints Cl 2 into 
H, we then obtain an equivalent first class Hamiltonian 

H' = H + Jd 3 x Tr e n 2 (3.4) 
which naturally generates the Gauss law constraint 

{n 1 ,H'} = 2tt 2 , {tt 2 ,H'} = 0. (3.5) 

One notes here that H and H' act in the same way on physical states, which 
are annihilated by the first-class constraints. Similarly, the equations of 
motion for observables remain unaffected by the additional term in H 1 . Fur- 
thermore, on the zero locus of the constraints (9,ttq), our first class system 
is exactly reduced to the original second class one. 



2 In deriving the first class Hamiltonian H of Eq. (3.3), we have used the conformal 
map condition, adiO + itkdiitk = 0. 
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Next, we consider the Poisson brackets of the fields in the extended phase 
space T and identify the Dirac brackets by taking the vanishing limit of 
auxiliary fields. After some algebraic manipulation starting from Eq. ( |3.1| ), 
one can obtain the commutators 



{a(x),a(y)} = {ir a (x), 7c a (y)} = 0, 

d z ' 

a 2 + TX k Tl k _ 



{a(x),n a (y)} = ( 1 - - ; - _ )5{x-y), 



{n a (x),TT b (y)} = 0, 

{7r a (x),7rl(y)} = [Sab - ~ 2 ,* 1 ~ Sai$bj) S(x - y), 

{K( x )>*l(y)} = ~ 2 j_ ~ ~ foti - ftift) $aiS b jS( x - y)» 

{4>{x),i>(y)} = {#J(s),7fi(i/)} = J 

{ip(x),7rl(y)} = K*-V)- ( 3 - 6 ) 

One notes here that on the zero locus of the constraints (0,ttq), the above 
Poisson brackets in the extended phase space exactly reproduce the cor- 
responding Dirac brackets ( 2.17|) . It is also noteworthy that the Poisson 



brackets of the fields T in Eq. ( |3.6| ) have exactly the same form as those of 
the Dirac brackets of the field T to yield {A, 13} = {A, B} D \ A ^^ b^b- ® n 
the other hand, this kind of situation happens again when one considers the 
first-class constraints fl2.19|) . More precisely, these first-class constraints in 
the extended phase space can be rewritten as 

Ol = a 2 + TCiTTi - fl, tt 2 = 5-7T<t + TTifl, (3.7) 



which are form-invariant with respect to the second-class constraints (|2.5| ) 
and (ETLJ). 



4 BRST symmetries 

In this section, we will obtain the BRST invariant Lagrangian in the frame- 
work of the BFV formalism |23| which is applicable to theories with the first 
class constraints by introducing two canonical sets of ghosts and anti-ghosts 
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together with auxiliary fields (C\Vi), (P\Ci), (N\ Bi), (i = 1,2) which sat- 
isfy the super-Poisson algebra 

{<?(*), = {TWAiv)} = W.fli(y)} = m*-y)- (4.i) 

Here the super-Poisson bracket is defined as 

{A,B} = 5 Ar~V -(-D— ~\r-V (4.2) 

where r]A denotes the number of fermions called ghost number in A and the 
subscript r and / right and left derivatives. 

In this phenomenological SU(3) linear sigma model, the nilpotent BRST 
charge Q, the fermionic gauge fixing function \l> and the BRST invariant 
minimal Hamiltonian H m are given by 

Q = Jd 3 x (C'fli + V'Bi), 

* = Jd 3 x(c tX l + v t N l ), 

H m = H' - f d 3 x 2C 1 P 2 (4.3) 



which satisfy the relations {Q, H m } = 0, Q 2 = {Q, Q} = 0, {{^, Q}, Q} = 0. 
The effective quantum Lagrangian is then described as 

L eff = J d 3 x + 7r>„ + ttJ,^ + *ob + B 2 N 2 + ViC + C 2 P 2 ) - H tot (4.4) 

with H tot = H m - {Q, Here BxN 1 + C{P l = {QXiN 1 } terms are sup- 
pressed by replacing x 1 with x 1 + N 1 . 
Now we choose the unitary gauge 

X l = ^i, X 2 = V 2 (4.5) 

and perform the path integration over the fields B ± , N 1 , Ci, V 1 , Pi and C 1 , 
by using the equations of motion, to yield the effective Lagrangian of the 
form 

L eff = Jd 3 x [n a a + <7r a + tt|^ + 7rg6 + B 2 N 2 + P 2 C 2 + C 2 V 2 
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~ ((^) 2 + (W 2 ) - l -{d^f 

V V 2 



+ (o-tt^ + TTjTr^ - (a 2 + 7r fc 7r fc )7r e ) (-7r e + iV) - 2((T 2 + Tr k -K k )-KgCC 

+ (<77T CT + 7TjOS + VV - fl^pK - fl K pK\ (4.6) 

with redefinitions: N = N 2 , B = B 2 , C = C 2 , C = C 2 , V = V 2 , V = V 2 and 
R = (a 2 + -Ki-Ki)/{a 2 + mm + 29). 

Next, using the variations with respect to n a , ir%, Tig, V and V, one obtain 
the relations 

a = {n a - an e )R + a(n e - N - B) 

m = «- m^e)R + ^i(^e - N - B) + /v(7ri<5 2 - -k 2 8}) 

7r a = < + ^(T4^-7T 5 <Ja) 

= -a(7r (J - ( 77r e )i?-7r,«-7r,7r e ) J R+( C 7 2 + 7r l 7r J )(-27r (? + Ar + 2CC) 
+cr7r CT + m^\ 

V = -C, P = t (4.7) 
to yield the effective Lagrangian 

Leff = Jd 3 x \^{{d,a) 2 + {d,m) 2 ) + \{d^) 2 

-\& (^(°" 2 + ni71 ^ + 71-5 7r ") ~~ (t^ 0-2 + 7ri7r *) + 7r " 7r ") 

V 21t V ^ 



--^(a 2 + TTjTTj) f ^ + (5 + 2CC)i?) 

+ TV) (-0 + {a 2 + vTj 7Tj) (-^ + (B + 2CC)i?^ 

+5iV - Cd 2 C - - fi KPK ] . (4.8) 
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Finally, with the identification N = —B + 
BRST invariant Lagrangian 



one can arrive at the 



J eff 



d 3 x 

1 



1 f f a \2 , fa n2n°" 2 + + 2 # ■ 1 



(7^ + ITiTTi 
1 



^/io((T 2 + TCiTCi + 29 + TCalTa) - -\ (cr 2 + TCiTCi + 29 + VT^) 2 



1/2 



7 1 . . , la 2 + ^ + 2^ - 2 



B9 



^2 — 2 (^2 + ^)2 a^ + vr^ 



1 (a 2 + vr^ 



-(B + 2CC) 2 - Cd 2 C - fi w p w - /i^pE- 



2a 2 + irm + 29 
which is invariant under the BRST transformation 



(4.9) 



5b cr = XaC, 83^1 = A^C, 63^5, = 0, Sbi/j = XipC, 

S B 9 = -X(a 2 + 7Tj7Tj)C, 5 B C = -AS, 5 B C = 5 B B = 0. (4.10) 



5 Phenomenology and discussions 

In this section, to discuss phenomenological aspects, we exploit the first- 
class constraints fli = in Eq. ( |2.19| ) to the Hamiltonian (|3.4j) to obtain the 
relation 

1 ( 1 s2.fi \ 2 \ 2 + TX k li k 

-[{iter- one 



2 + (<-7Ti7r e ) 2 ) ^ 



2 ' V W ' / a 2 + 7T fe 7T fc + 20 

= (V + (4 + 44) - + *i4) 2 ) • (s- 1 ) 

Following the symmetrization procedure, we then obtain a Hamiltonian of 
the form 



H = d 6 x 



\ (4 + 44 + 1) + ^44 + + (^*) 2 ) 

+ ^i 7r a) 2 + 7^o(°" 2 + ^i 71 "*) + \^a^a + ^A (cr 2 + TTj j ) 2 
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+^A (vr s vr s ) 2 + ^\ Tr a iTa(cr 2 + ir^i) + [i^P* + PkPk + ^ifd^ 

+go$-^(v + ii5nn)il ) + go$-^ij5KaKi> • (5.2) 

Here one notes that a Weyl ordering correction | in the first line of Eq. (|5.2j ) 
originates from the improved Dirac scheme associated with the geometric 
constraint (|2.5|) . Moreover, this correction comes only with the kinetic terms, 
without any dependence on the potential terms. 

Now we define mean fields for the Goldstone boson fields as[] 

(a) = a t (K±)=K±, 

(TTa)=Pa, (7T 7r ±)=^±, (tT K ±)=Pk±, (5.3) 

others = 0, 

where 

7T ± = -^(vTx =Fi7T 2 ), 7T° = 7T 3 , K± = -y= (7T 4 =f MT 5 ) , 

K° = -L(7r 6 -m 7 ), K =-^=(7r 6 + i7r 7 ), (5.4) 

and we have similar relations for the momenta fields. We then finally arrive 
at the energy spectrum of the form (H) = J d 3 x e with 

e = -p 2 a + p^+Pk- + Pk+Pk- + ^(<V) 2 + diK + djF~ + diK + diK~ 
+-l4(a 2 + 27T+7T- + 2K+K-) + ^X (a 2 + 2tt + tt- + 2K + R-) 2 

+^7^ + g ip {-^ a + il5{r + TT~ + r~vr + + \ + K~ + \~ K + )^ ip 
+ifi n (ii~p 7T + - 7r + p n -) + i[i K (K~p K + - K + p K -) 

+^ (pAQu + Qd) + pkQ s )iI> + - (5.5) 

where 

T ± = ^(T 1 TiT 2 ), r° = r 3 , \± = ±(\ iT t\ 5 ). (5.6) 

3 Here we ignore the eta fields for simplicity. 
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Using the variations with respect to p a , p n ± and Pk±i we obtain the relations 



Pa = 0, p w ± = ±2 / U 7r 7T ± 



p K ± = ±ifi K K ± 



(5.7) 



to yield 



a = 




K± = ±ifi K K ± . 



(5.8) 



Substituting the Eq. ( |5.7| ) into the energy spectrum ( p.5[ ) and ignoring 
the irrelevant term (<9j(x) 2 , we finally arrive at 



which still respects the SU(3) flavor symmetry. 

In summary, we constructed the SU(3) linear sigma model by introducing 
a novel matrix for the Goldstone bosons which satisfy geometrical second- 
class constraints. Following the improved Dirac method, we also constructed 
first-class physical fields and, in terms of them, we directly obtained a first- 
class Hamiltonian which is consistent with the Hamiltonian with the original 
fields and auxiliary fields. The Poisson brackets of the first-class physical 
fields are also constructed and these Poisson brackets are shown to reproduce 
the corresponding Dirac brackets in the limit of vanishing auxiliary fields. 
Exploiting the first-class Hamiltonian, we constructed the BRST invariant 
effective Lagrangian and its corresponding BRST transformation rules in 
this phenomeno logical SU(3) linear sigma model. Finally, defining the mean 
fields for the Goldstone bosons fields, we obtained the energy spectrum of 
the corresponding pion and kaon condensates. However this energy spectrum 
still possesses the SU(3) flavor symmetry. Through further investigation, 
it will be interesting to study the flavor symmetry breaking effects in the 
framework of this SU(3) linear sigma model to predict the more realistic 
kaon condensation. 



£ 



d i n + d l n + diK + diK + -fx 2 a 2 - (/4 - /io) 7r+7r ~ (/4 
+^A (a 2 + 27T+7T- + 27T+7T- + 2K + K~) 2 + Tpifdiip 
+g ^p ( 4=cr + ry 5 (r + 7r" + r - 7r + + \ + K~ + \~K + ) ) i[) 




(5.9) 
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